Abstract. According to Ehresmann [Eh37], the torsions of integral homology of real Grassmannian are all of order 2. In this note, We compute the Z 2 -dimensions of torsions in the integral homology and cohomology of real Grassmannian.
Introduction
The study of homology groups of real Grassmannian G k (R n ) was introduced by Ehresmann [Eh37] in terms of Schubert cells [a 1 , a 2 , . . . , a k ], 0 a 1 a 2 . . . a k n − k of dimensions 
The generating function of p(k, n − k; d) with respect to d is a polynomial of degree k(n − k) and has a nice expression (see [An76] P33 Theorem 3.1). Definition 1.4. Given non-negative integers k n, the Gaussian binomial coefficient n k t is a polynomial in variable t:
Using an explicit boundary map of the Schubert cells in Z coefficients, Ehresmann also gave the descriptions of the free and torsion parts of H * (G k (R n ), Z). In this short note, we will give the Z 2 -dimensions of the torsion part of
Cohomology rings and Poincaré polynomial of real Grassmannian
Dually, we can consider the cohomology groups of real Grassmannian in terms of Schubert cohomology classes. On the other hand, the ring structure of cohomology of real Grassmannian can be nicely given in terms of characteristic classes.
In Z 2 coefficients, the cohomology ring structure and the relations between Schubert classes and StiefelWhitney classes were given by Chern for real Grassmannians.
Theorem 2.1 ([Ch48] P370 Theorem 2). Let w 1 , w 2 , . . . , w k be the Stiefel-Whitney classes of the universal bundle on G k (R n ), andw 1 ,w 2 , . . . ,w n−k be those of the complementary bundle, then In rational coefficients, the cohomology ring of even-dimensional real Grassmannian follows from a general theorem of Leray and Borel. is the set of positive-degree W G invariants.
For any real number a, denote [a] as it integer part. We can apply the above Leray-Borel theorem to even-dimensional real Grassmannian.
2 ] be those of the complementary bundle, then
As in Remark 2.2, the Poincaré polynomial of the above quotient of polynomial ring can be calculated. Also note that each Pontryagin class p i is of degree 4i.
(1 − t 4i ) Using the relation between Gaussian binomial coefficients and restricted partition numbers (Corollary 1.5 or [An76] P33 Theorem 3.1), we get the finite-term expansion
Corollary 2.6. For an even-dimensional G k (R n ), the degree-d rational Betti number
The computation of rational cohomology of odd-dimensional real Grassmannian was due to Takeuchi.
Theorem 2.7 ([Ta62] P320). Suppose the dimension
And the degree-d rational Betti number
Remark 2.9. Casian and Kodama ([CK] P11 Theorem 5.1, P12 Conjecture 6.1) used combinatorial argument related with Young diagrams to calculate the Poincaré polynomial of rational(integral) cohomology of real Grassmannian, and stated the rational ring structure in terms of characteristic classes.
Generating function of dimensions of torsions
With the Z 2 and rational cohomology understood, we can work out the integral homology and cohomology groups of real Grassmannian using the following simple lemmas.
Lemma 3.1. Assume the torsions of the integral homology of a compact manifold M are all of the order of a prime p, i.e.
Proof. This follows immediately from the universal coefficient theorems of homology and cohomology in Z, Z p , Q coefficients.
where P, F P are the Poincaré polynomials of the Z p and rational homology(cohomology) of M , and T P , T P are the generating functions of the dimensions of torsions in integral homology and cohomology of M .
Lemma 3.2. Under the same assumption of the previous Lemma, we have
Similarly, we have P = F P + (1 + t −1 ) T P .
Remark 3.3. The difference P − F P is divisible by 1 + t, because both P (−1) and F P (−1) give the Euler characteristic number of M .
We can also express the dimension T B d of torsions directly.
Lemma 3.4. Expanding the both sides of the equalities in the previous Lemma, we get
By Theorem 1.6, the torsions of integral homology of real Grassmannian are all of order 2. Hence we can apply the above lemmas together with the understanding of the Z 2 and rational cohomology of real Grassmannian.
• if its dimension k(n − k) is even, then the generating function of dimensions of the free part in
The generating functions of dimensions of the Z 2 -torsions in
• if its dimension k(n−k) is odd, then the generating function of dimensions of the free part in
The generating functions of dimensions of the Z 2 -torsions in H * (G k (R n ), Z) and H * (G k (R n ), Z) are respectively
Moreover, the dimensions of torsions can be expressed in terms of restricted partition numbers. Table IV) computed the integral homology groups of G k (R n ) for n 7.
The above formulas can be implemented in computer algebra systems. Here we give Python 2.7 codes using the Sympy module.
from sympy import * def GaussianBinomial(k,n,t): l = n-k numerator = 1 denominator = 1 for i in range(k): numerator *= 1-t**(l+i+1) denominator *= 1-t**(i+1) return div(numerator,denominator) [0] # Polynomial division
